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A ONE-PHASE HYPERBOLIC STEFAN PROBLEM
IN MULTI-DIMENSIONAL SPACE

DENING LI

ABSTRACT. The hyperbolic heat transfer model is obtained by replacing the clas-
sical Fourier’s law with the relaxation relation 74y +4 = —kV T . The sufficient
and necessary conditions are derived for the local existence and uniqueness of
classical solutions for multi-D Stefan problem of hyperbolic heat transfer model
where phase change is accompanied with delay of latent heat storage.

1. INTRODUCTION

Phase-change is a very common phenomenon occurring in physics and engi-
neering, often connected with heat transfer. The classical heat transfer model
is based upon Fourier’s law that the heat flux vector § is proportional to the
gradient of temperature T

(1-1) §=—kVT.

This model has the inherent difficulty that it implies the physically unaccept-
able infinite propagation speed . Several different models have been proposed
to modify Fourier’s law to overcome this difficulty. One of the most popular
choices is the relaxation constitutive relation in which, instead of Fourier’s law,
one assumes the following

(1-2) 1§ +§=—kVT,

where constant 7 is the delay time. The relation comes from the assumption
that the heat flux responds to temperature gradient not instantaneously but over
a period of time, see e.g. [14]. In a recent review of heat waves [6], there are
very valuable detailed discussions of the origin and implications for the relation
(1-2).

Combining the relaxation relation (1-2) and energy conservation with ¢ de-
noting the specific heat

(1-3) T +V-G=0,
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one gets the hyperbolic system for § and T

{t(i,+é’+kVT=O,

(1-4) -
cT,+V-4=0.

The hyperbolic system (1-4) can also be rewritten into one second order
hyperbolic equation, i.e., telegrapher’s equation

(1-5) tcT, +cT,- kAT =0.

In this paper, we want to study a phase-change problem (Stefan problem) for
the equation (1-5) based upon the relaxation constitutive relation (1-2). The for-
mulation of the phase-change problem for the hyperbolic heat transfer model
(1-4) or (1-5) depends upon the conditions imposed on the phase-change inter-
face S(t), which are determined from physical consideration. There are the
classical conditions assuming continuous temperature across the phase-change
interface, see [2, 15]. A different condition was proposed in [4, 16], where the
temperature is supposed to sustain a jump across the phase-change interface.
The hyperbolic Stefan problem we are going to study in this paper is the one
considered by Showalter and Walkington in [14], in which along with the con-
tinuous temperature assumption, the delay for storage of latent heat energy was
assumed, as well as the heat flux delay (1-2).

Let S, be a smooth surface in R" dividing R" into two domains Q; and
Q, . In each domain Qg ,€, , the initial temperature T, T, and heat
flux cjgr, cj;)_ are given. The problem is to determine the future temperature
distribution T7(x,t), T (x,t), as well as the future position of the interface
S(t) which separates the domains 7" (x,#) >0 and T (x,?) <O0.

Let L > 0 be the latent heat, and * s ot R k* be the delay time, specific heat,
conductivity coefficient in the liquid and solid phases respectively. The 2-phase
Stefan problem discussed in [14] is the following: Determine the hypersurface

(1-6) St)y={xeR":¢(x,1)=0}, 0<t<oo,
and the temperature distributions T (x,¢) and T~ (x,t) in the domains Q" (1)
={xeR": ¢(x,t)>0} and Q (1) = {x € R": ¢(x,1) <0}, 0<t < o0, such

that

(1-7) T T KT ATT =0, in QF(p).

t

(1-8)

{ T (x,)=T (x,1)=0, on S(1).

(L +[tcT D¢, =[kVT]-V, ¢,

T(x,0) = T, (x),
(1-9) T(x,0) = T (x),
S(0) = Sy = {x: ¢(x,0) =0} .
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The first relation in the interface condition (1-8) is the classical assumption
that the temperature across the phase-change interface S(¢) is continuous and
equals zero. The second relation in (1-8) is an expression that the storage of
latent heat is also delayed over a period of length 7 as well as the heat flux.

The corresponding 1-phase Stefan problem to be discussed in this paper can
be stated as follows: Find the hypersurface S(7) = {x € R": ¢(x,1) =0}, 0 <
t < o0, and the temperature distributions 7(x,?) in Q(¢t) = {x € R": ¢(x,1) >
0}, 0 <t < o0, such that

(1-10) T, +cT,- kAT =0, in Q(?).
11 x.0=9, S()
(1-11) (L+1cT)p, =kVT-V ¢, 0

T(x,0) = T,(x),
(1'12) TI(X,O) = TI(X),
S(0) = S, = {x: $(x,0) =0}

Showalter and Walkington in [14] discussed the Stefan problem similar to
(1-10)-(1-12) and in more general form that there might be mushy regions
where the substance in two phases coexists. However, only H ! weak solutions
were obtained for the 2-phase problem, assuming identical global signal speed
independent of phase. In addition, an example was given that shows a 1-phase
problem might be not solvable even for small time, if no extra conditions were
imposed upon the initial data.

In this paper, we want to determine the conditions for the existence of
classical smooth solutions for the 1-phase hyperbolic Stefan problem (1-10)-
(1-12). The discussion of the classical solution for 2-phase problem (1-7)—(1-9)
requires development of the theory of two hyperbolic equations with coupled
oblique derivative boundary conditions. We intend to deal with this problem
elsewhere.

We will assume in the following that the above Stefan problems are nonde-
generate. The 1-phase problem (1-10)~(1-12) is called nondegenerate if

(1-13) VT,-Vé,#0 ons,.

The physical implication of (1-13) is that the phase-change interface in the
considered problems are really moving. For noncompact S, the nondegenerate
condition (1-13) is assumed to be satisfied uniformly on S, .

A solution (T, ¢) of (1-10)-(1-12) is called a classical solution if (T',¢) €
C Z(R" X Rl+). Classical solutions for 2-phase problem (1-7)-(1-9) are defined
similarly. It is obvious that certain compatible conditions on S, must be sat-
isfied for the given data in order to have a smooth solution. For the 1-phase
problem (1-10)—(1-12), the 0-order compatible condition is in fact the boundary
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condition (1-11) itself; i.e.
T,(x) =0,
(L +1cT)T, - k|VT,|* =0,

The 1-order compatible condition can be obtained by comparing the two
expressions for 7, on S, one from the equation (1-10) and another from
the boundary condition (1-11). Take the tangential derivative on S(¢) of the
relation (L + tcT,)T, = k|VTI2 along the direction perpendicular to §,, we

have

(1'15) (L+ 2TCT1)(T'[I + VT] .[Z) _ 2kVTO . VTl +kV|T0|2 'ﬁ
2
At ﬁ) ,

0x,0x ;

where i = —TIVT0|VT0|_2. The equality of two expressions for 7, from
(1-10) and (1-15) give the l-order compatible condition. The higher order
compatible conditions and the compatible conditions for the 2-phase problem
(1-7)-(1-8) can be deduced similarly. We will omit the technical details and
refer the reader to, e.g. [13].

Now we can state our main result concerning the Stefan problems (1-10)-
(1-12).

(1-14) on S, .

t
=2k (VTO-VT1 + VT, [

Main Theorem. For the nondegenerate 1-phase Stefan problem (1.10)-(1.12),
assume
(1) Ty(x),T,(x),¢y(x) are sufficiently smooth;
(2) on S, the compatible conditions are satisfied up to the order s:s >
(n+1)/2;
(3) the following stability condition is satisfied

2 27C L
1-1 vT >l (e —= ).
(1-16) VT[> T, k (1 21cT, +L>

Then there exists a t, > 0 such that in (0,t,), there is a unique classical solution
(T,¢) of (1-10)-(1-12), belonging to the space H™' H”](O,tO;Q(t)).
Remark. The stability condition (1-16) in the Main Theorem is a supplementary
assumption, absent in [14], to guarantee the local existence of classical solution.
The example in [14] shows that generally, one can not expect the one-phase
problem to be well-posed globally, because of the hyperbolic wave property, nor
even locally, if no extra conditions were imposed upon the initial data. And it
is easy to check that the condition (1-16) is not satisfied by the example in [14]
at the specified time.

From the stability condition (1-16), we can see the influence of the latent
heat L upon the phase-change interface. Since T'(x,t) >0 in Q(¢), we know
T,(x,t) >0 on S(t). Therefore, (1-16) implies that on S, |7|/VTy| must be
smaller than the characteristic speed \/k/tc of the hyperbolic equation (1-10).
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In particular, if L =0, i.e., there is no latent heat storage during phase-change,
the condition (1-16) simply implies that the initial speed for the movement of
the interface must be smaller the the sound speed. This is a natural requirement,
without which the problem could not be well-posed; see also [9]. However, if
L # 0, the condition (1-16) is a stronger than the usual requirement that the
phase interface moves slower than the sound speed in [9].

2. PARTIAL HODOGRAPH TRANSFORMATION

In this section, we are going to perform the partial hodograph transformation
of coordinates as in [11] to fix the moving phase-change interface in (1-10)-
(1-12). Since we are considering solutions in a short time interval, keeping in
mind the localization technique, we may assume, without loss of generality, that

(2-1) bo(x) = x" — y(x')

where x' = (x', ..., x"™"), w(0)=0, Vy(0) =0 and for some small R >0,
w(x') = const. in |x'| < R. From the nondegeneracy assumption (1-13), we
may take 7 as one of the new coordinates and introduce the following partial
hodograph transformation of coordinates (¢, x) — (yO ,¥)

=1,
(2-2) vV=x,j=1,...,n-1,
y'=T(x,1).
With y=(yl,...,y"),the inverse transform of (2-2) is
0 _j i
t:y , X0 =Y ,_]=1,...,n—1,
(2-3) { . o
X =uy ,y).

In this new coordinate, it is obvious that the phase-change interface S(¢) is the
coordinate plane y” = 0 and the domain Q(¢) is the halfspace {y: y" > 0}.
Now, we are going to rewrite the 1-phase problem (1-10)-(1-12). Denote

J = iu_ 2 - 05 N/
oy’
We obtain
p p; ) 1
2'4 T:——O—’ T:—-.i’ =l"..,n_l’ T”=_‘
( ) t pn X/ pn (.I ) X pn
Therefore,
Py
0’ - ayo - p_nayn 5
p; .
(2-5) 9,=0,-=0,, J=1,...n-1,
D,
1
axn = _p:ayn7
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and
1 p Py
T, = —_u00+2_0u0n__gun ns
1 D, yoy przl ¥y ps yry
2
2- __ 1 b P, ~_
(2-6) T,.,= - o +2p—2uy,y,, - Euy"y“ j=1,...,n-1,
1
Txnxn = - 1)_’3‘uynyn .
Consequently, if we define the symmetric matrix H,
t© 0O --- 0 _f:f%
-1 .- o
0 1 0 &
27 H=@h")=
D=
0 o - -1 ==t
_ 2 -1 2
BE OB B AER-XU2 -0
then the equation (1-10) can be written as
n 2
ij 0°u c
(2-8) W —=— 4+ _p =0.
i,jZ=0 aylayj k 0

For the free boundary condition (1-11), the first relation is implied in the
new coordinates by the boundary y, = 0 itself. The second relation becomes

n—1
(2-9) Lpyp, — ‘[Cpé +k (Z pf + 1) =0

j=1
or in short
G(py,p;,p,) =0.
The initial condition (1-12) in the new coordinates can be written as
210 {wmw=%wx
U,(0,y) =u(y)

where u,(y) is determined by the inverse of the invertible transformation x —
y=J(x):

(2-11) {ﬂ:x’
v =Ty(x)

1.e.,

(2-12) { x e
X :uo(y)
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and u,(y) is determined by (2-5):

ou _
557 i/ )
Therefore, after the partial hodograph transformation (2-2), the free bound-
ary problem (1-10)-(1-12) for 7 now becomes the initial boundary problem
(2-8)-(2-10) for u with the fixed boundary y" = 0. It is obvious that the
sufficiently smooth solutions of these two problems are equivalent. In the fol-
lowing, we need only to discuss the nonlinear problem (2-8)-(2-10) and prove
the existence and uniqueness of the classical solution under the assumptions of
the Main Theorem.

(2-13) U (y) = -

3. LINEARIZED PROBLEM

We are going to prove the Main Theorem by linear iteration. First of all, we
discuss the linearized problem of (2-8)-(2-10) about a given u(y0 V)

n P
(3-1) Zh”vy,y,+%vy0=0, iny0>0,y">0,
i,j=0

n—1
(3-2) (Lp, - 2tcpo)v,+2k > pv,, +Lpy,, =g(".y"), ony" =0,
=1

{wmw=%wx
v,0(0,7) = v,(»),

where the left-hand side of (3-2) is obtained by computing 27:0 Gpj V-
Consider the general second order linear hyperbolic equation subject to a first

order derivative boundary condition

(3-3)

n . n .
(3-4) Z a”vy,y, +Za’v},, +av =0y, iny" >0, >0,
i.j=0 Jj=0
n N
(3-5) Y b, +bv=2g(".y), ony'=0,
Jj=0

e { 0(0.3) = v(y),

,0(0,) =v,(y),

where the matrix (a”/) has 1 positive and n negative eigenvalues, dy° is a
timelike direction, and all coefficients in (3-4)(3-5) are assumed to be sufficiently
smooth.

The characterization of the well-posedness for (3-4)-(3-6) has already been
established, see, e.g., [3, 5, 11]. The initial-boundary value problem (3-4)-(3-6)
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is called well-posed, if its solution satisfies the energy estimate

2
2 I 2 2 2
37 el <C (————g’” (80,07 + 101 0+ 104150
where, using the notation in [11],
e
2 —2771 2w | 9%F f 0
= X [ e DL ayay
> ao+|a|+k<s 0™y 9%y

is the standard hyperbolic #-weighted norm. (g); ,  and [v/| ;. are defined
similarly on the submanifolds y"” = 0 and y0 =T, and

W, = max [0, + 1ol + (@), 1

with

W), =00, .

k=0
Then, from [3, 12], we have the following

Theorem 3.1. The linear initial-boundary value problem (3-4)-(3-6) is well-posed
ifthe following linear stability conditions are satisfied

|b |>d>0;
(2) = (TB + N) is a forward timelike vector with respect to the matrix
a”);ie, B° >OandZJOBa B >0,
where (a,;) is the inverse of (a Yy, and N =-"a",...,a") is the conormal

vector to the exterior normal direction —dy" .

Sketch of proof. We are giving the sketch of the proof here to show the de-
pendence upon the coefficients in (3-4)—(3-6) of the constant C in the energy
estimate (3-7). For the detailed proof of the theorem, we refer the reader to
[11]. It is also true that the conditions in the theorem are necessary for the
constant coefficient problem if (3-7) is replaced by a more complicated energy
estimate, see [5, 12].

The idea of the proof is to choose an appropriate timelike vector

0=> 0%,
j=0

and then to take inner product in the x-weighted space LZ(O, T;RZ) of (3-4)
with Qu

(3-8) // - (Z a vyy,+2a v +av) ovdydy’

i,j=0

:// e_z"’vadydyO.
0 JR
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Integrating by parts the left side to eliminate the second derivative terms, we find
the resulting interior integral is bounded below by C”””“f,n,r , the boundary

integral on y" = 0 is bounded below by

CNT = (5 = @1

and the integrals on y0 =0 and y0 = T are bounded below by

2 2 2
Clvly o = GUvoly 4o+ 1010, 0)-
The right side of (3-8) is obviously bounded by

2 1 2
8’7”1)“1,,,,7 + Eﬁ”f”O”T .
Therefore, for > 1, the energy estimate (3-7) follows readily.

In performing the integration by parts, we have introduced the derivative
of the coefficients a” and Q’. From the choice of vector Q, we know Q’
is a linear combination of a"” and &’ . So, we conclude that in order to get
the O-order energy estimate (3-7), we must assume a’, b € W' . For the
principal part, we need a”, b’ € L™, and we need Da", Db’ € L™ such that
each lower order term can be bounded by L? norms of |8yv| and |v|.

For the higher order energy estimate we have the following

Theorem 3.2. Assume the problem (3-4)-(3-6) is well-posed in the sense of The-
orem 3.1. Then the H*™' (s > (n + 1)/2) solution of (3-4)-(3-6) satisfies the
following energy estimate

11112
(39 Il <C (T" )

2 2
+(8) 1 T Vlisi yot |U1|s,n,0) ’

where constant C; depends only upon the standard (non n-weighted) H’ norms
of the coefficients in (3-4)-(3-6).
Proof. By taking tangential derivatives of the problem (3-4)-(3-6) and noticing
that y” = 0 is not characteristic, one can obtain the s-order energy estimate
easily (the high-order normal derivatives of v on yO = 0 can be estimated by
employing the equation (3-4) and the trace of f on y0 = 0). As in the case
of 0-order estimate (3-7), it is obvious that for the principal part of the energy
estimate, one needs a", b’ € L™, just as before. For the lower order terms,
because of the Banach algebra property of Sobolev space H’ (s > (n+1)/2), one
needs a”, a’, a, b’, b € H . Since from the imbedding theorem, H* c L™,
we conclude that the constant C, in (3-9) depends only upon the classical non
n-weighted H° norms of the coefficients in (3-4)-(3-6).
Remark. Accurately speaking, since we are dealing with noncompact domain
19> 0, y" > 0, we should use the uniform local norm H’, as in [7]. But the
change to the H;, case is straightforward and we omit it here.

Now we go back to the linearized problem (3-1)-(3-3). Using the linear
stability condition in Theorem 3.1, we have the following.
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Theorem 3.3. The linearized problem (3-1)-(3-3) is well-posed and its solution
satisfies the energy estimate (3-7) if (1-16) is satisfied.

Proof. We have only to check that condition (1-16) for (3-1)-(3-3) is equivalent
to the linear stability conditions in Theorem 3.1.

For the problem (3-1)-(3-3), we have b, = Lp, with L being a positive
constant, and p, = —T,/T,, . Since the Stefan problem is assumed to be non-
degenerate, we have 7,,(0,0) = VT,(0) # 0 and 7,(0,0) = 7,(0) # O by
(1-15). Consequently, |b,| > 6 > 0 is always satisfied at (0,0). For the condi-
tion 2 in Theorem 3.1, straightforward computation gives

~ ek p.tc 2h" kP D, t
3-10 B= -2 L —J 10
o (Lpo( L% I b,

with

(3_11) hnn_ (‘CC 2 Zp _ )

The condition (3-11) must be satlsﬁed because it is nothing but the phys-
ical requirement that the 7 = 0 interface moves slower than sound speed.
Otherwise, the problem can’t be well-posed. Were (3-11) violated, the solution
would be nonunique, just as in the problem discussed in [15]; see also [9] for
explanation.

By (2-5), we have

T T, 1
(3-12) Po=-7-, p=-=%, p,=
0T T, iTT, "T T,

Therefore the component B° has the expression
=0 -1 = 2 €, 2
B = (LT) Tl T, - —27cT, — L) kLT’
Jj=1

and the condition §0 > 0 is equivalent to

2 TC.2 TC
(3-13) (17’ - Z77) @zeT, + L) > LT}
Since T, > 0, (3-13) can be rewritten equivalently as

LT;

This is exactly the condition (1-16) given in the Main Theorem of §1.
We have to show that under the assumption (3-14), the condition

n . ~
Y B'a,;B’ >0
i,j=0
in Theorem 3.1 is also satisfied.
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From (2-7), we compute the determinant of H

n—1 )
(3-15) \H| = (-1)" (—hooh"" + (h*")? = % Z(h’”)z) :
j=1
At (0,0),
(3-16) hj”=§l:TxJ=0, j=1,....,n—1.
and
(3-17) —h°n" + (K™ > 0.
So

(3-18) { |H| >0, forn even;

|H| <0, forn odd.
At (0,0), wehave H™'=(h;), i,j=0,...,n, with

(3-19) heo = 1HI ™' (=1)" "' h"™"
and

] gt (L _ po ¢
(3-20) B= ( Lpo(zcho Lpn)+pnk,0,...,0).
Therefore at (0,0), from (3-18)-(3-20) we have

n . ~ ~
(3-21) > Bla, B’ =hy(B°) >0
i,j=0

From the continuity of the coeflicients and the independence of linear stability
conditions from the choice of the coordinates follows that the linear stability
conditions in Theorem 3.1 are equivalent to (1-16) in the problem (3-1)—(3-3).
This completes the proof of Theorem 3.3.

4. NONLINEAR PROBLEM

With the preparation of solution for linearized problem in §3, we are now
able to prove the local existence and uniqueness of the classical solutions for
the nonlinear problem (2-8)-(2-10).

First of all, we state the following uniqueness theorem.

Theorem 4.1. Assume that the conditions in the Main Theorem are satisfied,
and let u(yo,y) e C 2(O,to;R'frl) be a classical solution of problem (2-8)-
(2-10), and the linearized problem (3-1)-(3-3) about u(y®,y) satisfies the linear
stability condition in Theorem 3.2 in 0 <t < t,. Then, any solution v(yo, y)
of (2-8)-(2-10) must be identical with u(y0 ) in 01 <1,

Proof. The proof is standard. Let v be a solution of (2-8)—(2-10) in the interval
0<t<t,. Denote (2-8) as L(u)u=0,and M(p)p = 8pG(p)p. Therefore, by
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the Taylor formula with Cauchy integral remainder, w = u — v will satisfy the
problem

Lww = F(u,v)w, iny" >0,
(4-1) M(@u)w = H(d,u,8,v)@,w)’, ony"=0,
w(0,y) =0, wy(0,y)=0.

where F , H are operators (depending upon u, v ) of order 1 and 0 respectively.
Since at y0 = 0, the linear stable condition (1-17) are satisfied, by the continuity
of coefficients of the problem (4-1) for w is well-posed in ¢ € [0,7] with
t, < 1. Keeping in mind the quadratic remainder for Newtonian iteration,
from Theorem 3.1, we have for all > 7,

02
(4-2) it ,, < C (”_“’.”_’;_n_t_ + 5('7)«'0»]‘,,7,“) .

with the constant C independent of # and C (n) depending on 7. In
(4-2), first taking 7 sufficiently large and then choosing ¢, sufficiently small,
we obtain

(4-3) lwlt, , < 30wl , ., + Gy, )
But this is possible only when w = 0.

Thus far, we have proved that any solution v(yo, y) of (2-8)-(2-10) must
be identical to u(y0 ,¥) in some small interval (0,7,). We will show that we
can in fact choose ¢, = f,. This can be achieved by contradiction argument.
Otherwise, let ¢, < £, be the largest possible number such thatin [0,7,] v =u.
Since at ¢ = ¢, , the linearized problem about u is well-posed, and at yO =1,
u = v, we can take ¢, as the new initial time and consider similar problem
as (4-1) and show as above that ¥ = v in some interval [¢,,¢, + ¢€]. This
contradicts the definition of ¢, .

For the existence of classical solution in Theorem 1.1, we will employ an
iteration scheme we used in [1, 8], which is somewhat different and technically
simpler than the one in [10, 11]. Since under the nondegeneracy assumption,
the partial hodograph transformation (2-2) is invertible, we need only to prove
the existence of classical solutions for the transformed problem (2-8)-(2-10).

First of all, we eliminate the initial data. From the s-order compatible as-
sumption, we know that there exists a function a(yo, y) with @(0,y) = u,(y)
and #,(0,y) = u,(y), such that the left-hand sides of (2-8)-(2-9) would have

zero traces at yO = 0 up to the order s — 1 if u(yo, y) in (2-8)-(2-9) were
replaced by it(y0 ,¥) . Therefore, let

u(y’,») = a0,y +v0(°,)
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and substituting into (2-8)-(2-9), we obtain the following equivalent nonlinear
problem for the new unknown function v(y0 )

n
(4-4) Zh”ayy,v-i—ZhJa v=f ,y), iny0>0,y">0,
i.j=0

n—1

(4-5) (Lp, —2tcpy)v,e+2k Y pyv, + Logv,, = g(",y),  on)" =0,
J=1

(4-6) v(0,y) =0, v,(0,y)=0,

where functions f (y V), g(y ,¥) are known functions having zero traces at
y = 0 up to the order s—1, and the coefficients p,,p; 3Dy s h" are functions of

u(y’,y) = a(°,»)+v(°,y) defined as in (2-8)-(2-9), and 4’ , h are functions
of v(»°,), defined by (2-8)-(2-9) and (4-4)-(4-5).
Introduce the notations of operators .%’(v) and Z(v):

Zh”(vv yy,+2h’(vv i s

i,j=0
ZB(v)=(Lp, - 2rcp0)8 + 2k ij + Lp,o -

We may rewrite the nonlinear problem (4-4)—(4-6) briefly as following:

(4-7) Zw=f0",y),
(4-8) Fww =g’ y),
(4-9) v(0,7)=0, v,,(0,y) =0

In particular, we notice that for t, small, the linear problem

ZOw=f, Z0Ow=g,
U(an)zo’ ’Uyo(O,y)=0
is well-posed in [0,17,].

Therefore, to prove the local existence of H**' solutions for (2-8)-(2-10),
we need only to prove the following existence theorem for (4-7)-(4-9) with
homogeneous initial data:

Theorem 4.2. Under the assumption of Theorem 1.1, there exists a t, > 0 such
that there is a solution v(yo,y) e H(0, tO;Ri) for the nonlinear problem
(4-7)-(4-9).

Proof. The existence of solution v(y0 ,¥) can be established by the following
iteration scheme

(4-10) v,0°,¥) =0
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and v, (yo, y) is determined by

Jj+1
0 . 0
3(vj)vj+1=f(y ,y)a lny >0a yn>0’

(4-11) B, =g0",y), ony" =0,

vj+](01y) = 0’ 6yovj+1(09y) = 0

We want to point out here that the iteration scheme (4-11) is different from
[10,11] in that all the lower order terms in (4-11) are iterated as the left-hand
side while leaving the right-hand side a known function. This makes possible
to fix n at the very beginning and consequently to reduce the manipulation of
n-weighted norms to the easy case of equivalent standard Sobolev norms.

First we need to show that the iteration (4-11) can proceed indefinitely in
some [0,7,]. Since (4-11) is well-posed when v ; =0, it will remain to be
well-posed for small v ;- For fixed 7, the n-weighted norms are equivalent to

the standard Sobolev H’ norms. By the fact that v , has zero traces at yO =0
and the imbedding theorem, there exists ¢, > 0, such that (4-11) is well-posed
in [0,¢,] for all v i satisfying

2
(4-12) Ioilssi 0 < &

and the solution Vi of (4-11) satisfies the energy estimate

) (V2 )
(4-13) T T L T

with C; depending only on ¢, and independent of v Iz
Taking ¢, sufficiently small in (4-13), we can ensure the satisfaction of the
following

(VA
(4-14) C, T-k(g)m’to <g,.

Therefore, the iteration (4-11) gives us a bounded sequence of {v, =0,v,, ...,
U, ... } in the space HHI(O,tO;R'fr) satisfying (4-12) for the chosen ¢, and
L.
0

We need also to show that {v i } converges in some weaker topology. This is
standard. Let W, =0, — U, then we have

Zww, = —(L(v,) - ZL(v;,_)v;, iny’>0,y">0,
(4-15) Bw)w. = - (Bw,)-RB

J J Jj—

j 1))Uj: Onyn=0>
w,(0,y) =0, wy,(0,y)=

As in (4-11), the above problem (4-15) for w ; is well-posed in [0, ¢, ]. By the
energy estimate (4-13) and applying the Taylor formula with Cauchy integral
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remainder, we have

2
Haywj—l ||0s'l»’0

2 2 2
(4'16) ﬂ|wj|||1,,, o < C + ||3ywj_1||o,,,,,0 ”vjllx,ﬂ,to

’ 2
<C 801||wj—1m1 Milo *

Further shrinking ¢, if necessary, then estimate (4-16) yields the convergence
of {v,} in n-weighted H "to v e H*' and }||v|]|2 < ¢, by Banach-Saks

s+1.,n.,t
theorem. This completes the proof of Theorem 4.2. ’
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